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We prove that a classifier with a Barron-regular decision boundary 1Ω can be approximated using a ReLU
neural network Φ with three hidden layers and O(N) neurons, with N ∈ N, achieving an error of µ ({1Ω ̸= Φ}) ≲
N−γ/2 for all probability measures µ that satisfy a certain margin condition with a positive parameter γ.
Moreover, when the network is trained using the hinge loss, the learning rate is of the order O(n−γ/(2+γ)(1 +
log n)), where N ≲ nγ/(2+γ) and n is the size of the training set. This implies that for strong margin condition,
one can approximate 1Ω (a high-dimensional discontinuous function) with the network at a rate comparable
to that of a low-dimensional smooth function, achieving a fast learning rate of approximately n−1(1 + log n).
In addition, we present numerical simulations in various dimensions. We observed that as the strength of
the margin and the number of samples increase, the test error decreases at a rate close to the predicted one,
supporting the theoretical results. In addition, we establish lower bounds for the minimax learning rate over
the Barron-regular function class and under the margin condition using the Kolmogorov entropy in Lebesgue
norms, concluding that the learning rate is optimal up to logarithmic factors.
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