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Approximating an unknown function from a limited number of point evaluations is a fundamental problem
in numerical analysis, surrogate modelling, and inverse problems. When obtaining these point evaluations is
costly, minimising the required sample size becomes crucial, and it is unreasonable to reserve a sufficiently
large test sample for estimating the approximation accuracy. In this presentation, we introduce a sample-based
approximation method in reproducing kernel Hilbert spaces (RKHS) that provides almost-sure quasi-optimality
with fully computable error constants.

The method constructs a projection onto a prescribed finite-dimensional approximation space using only
function values at selected sampling points. We show that the resulting approximation error in the RKHS
norm is bounded, for every realization of the sample, by a quasi-optimality factor times the best achievable
approximation error. Central to the analysis is a stability constant that is explicitly computable and decreases
monotonically as more samples are added.

We then address the practical challenge of choosing informative sampling points. FExtending ideas from
optimal sampling in L? approximation, we prove that random samples drawn from Christoffel-type and volume
sampling distributions yield controlled quasi-optimality with high probability. Motivated by these results, we
propose a novel subspace-informed volume sampling strategy and a greedy subsampling algorithm with provable
performance guarantees. Numerical experiments demonstrate significant improvements over classical sampling
methods.

Joint work with: Nando Hegemann, Anthony Nouy.



