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Deep neural networks apply parametrized functions repeatedly across depth, yet their stability and general-
ization properties are often studied in isolation. We propose a unified view based on stochastic iterated function
systems (IFS), which provide a compact framework for invariant measures, attractors, and contractive dynam-
ics [1, 2]. We formalize the depth dynamics of ResNets, Transformers, and Mixture-of-Experts (MoE) layers as
place-dependent IFS by making explicit the branch functions and selector kernels. An IFS with parameter 6 on
a complete separable metric space X is a finite family {wg : X = Xl}eer. A place-dependent IFS follows the
Markov recursion

Xepr = wd, (X3), Ei| Xy = ~C(p(x)) (1)
where C(p(z)) is a categorical distribution with probability vector p(x) in the |Z|-simplex.

An IFS is canonically associated to a Markov operator Tp. Its adjoint, the transfer operator T, acts on the
space of measure Ty u = dez(wg)#(pg - 1) where # is the push-forward operator. Assuming that the functions
wg are c¢-Lipschitz and under the average contractivity condition sup, Zg De (x)cg < 1, the transfer operator
T, admits a unique invariant measure, and the deterministic network update is the conditional expectation
Fp(x) = E[wl(z) | X = x]. This covers ReLU ResNets (degenerate selector), Transformers (attention weights),
and MoE (gating networks).

For generative modeling, if T is cg-contractive in Wasserstein distance (Wz), the invariant law pg satisfies
the generalization bound

Wa(po, 1) < 51(77’2 + Wa (g, ), (2)
with p and p,, the true and empirical data distributions and e(n, 8) = Wo (T tin, ttr) the empirical collage error.
This bound motivates a trainable objective, approximated with regularized optimal transport [3]. We illustrate
the approach on two-moons data and on latent image datasets (MNIST, CelebA, CIFAR-10) using spectrally
normalized MoE IFS.
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Figure 1: Left: Training collage error (n, ) over epochs. Center: Training data and samples of the attractor
measure of the trained MoE IFS. Right: Estimated generalization error and its bound (Eq. (2)) for different
contraction constants.
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