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Moving Least Squares (MLS) is a classical method in approximation theory, originally developed for func-
tion approximation under deterministic sampling assumptions, and later extended to surface and manifold
reconstruction. Existing MLS theory relies on prescribed deterministic sampling conditions. However, these
assumptions generally fail when the data consist of random samples. The goal of this work is to develop a
stochastic theory of MLS for manifold approximation under random sampling.

We consider an i.i.d. sample of size n drawn from an almost-uniform d-dimensional distribution. As a first
step, we analyze the geometric properties of such samples. We characterize the probabilistic behavior of two
key sampling parameters: the fill distance, denoted by hn, and the separation, denoted by δn. Under mild
regularity assumptions, we show that hn ∝ n−1/d log1/d n, while δn ∝ n−2/d, both in probability. These rates
differ from the classical deterministic assumption of quasi-uniformity, which requires hn ≍ δn.

Since Manifold-MLS is fundamentally built upon MLS approximation of functions and their derivatives, we
begin by establishing stochastic approximation results for functions before addressing manifolds. For MLS with
local polynomial degree k − 1, we prove that the approximation error associated with any fixed differential

operator Q of order |m| ≤ k − 1 decays, with high probability, at the rate h
k−|m|
n . These results provide

stochastic analogues of the classical deterministic MLS derivative estimates. We further show that the MLS
approximant inherits the smoothness of the weight function, with probability tending to one.

Finally, we extend this analysis to manifold reconstruction. Assuming a smooth manifold, we prove that the
Manifold-MLS approximant also inherits the smoothness of the weight function, with high probability. Under
this regularity, we show that the Hausdorff distance between the true manifold and its MLS reconstruction
converges to zero at the rate hk

n. This work provides a unified stochastic analysis of MLS for functions,
derivatives, and manifolds, demonstrating that classical MLS convergence and smoothness guarantees persist
under natural probabilistic sampling models.
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