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Polyconvex functions are functions of a matrix variable characterized by a convex dependence on the minors
of the matrix. This generalization of convexity is fundamental in the Calculus of Variations, where it provides
a sufficient condition for the well-posedness of many optimization problems arising in material modelling and
nonlinear elasticity [3, 5]. Unfortunately, checking polyconvexity is very difficult in general, even for well-behaved
classes of functions such as polynomials.

To overcome this difficulty, we introduce two computationally tractable strengthenings of polyconvexity for
polynomials based on the tractability of sum-of-squares (SOS) polynomials. The first strengthening, called
Type-1 SOS-polyconvexity, requires a polynomial function of a matrix variable to be an SOS-convex polynomial
of the matrix minors. The second strengthening, called Type-2 SOS-polyconvexity, uses SOS certificates of non-
negativity to enforce a well-known ‘first-order condition’ for polyconvexity. We then investigate the relation
between these two strengthenings and polyconvexity, proving that:

1. Type-1 SOS-polyconvex polynomials are always Type-2 SOS-polyconvex.

2. The converse implication fails already for polynomials in 2 x 2 matrices of degree at least four. Specifically,
borrowing a classical example of Alibert, Dacorogna, and Marcellini [3, 4, 2], we show that the polynomial
| X)2(| X ||* — 2det X) is Type-2 SOS-polyconvex but not Type-1 SOS-polyconvex.

3. There exist polyconvex polynomials that are not Type-2 SOS-polyconvex.

The last result is analogous to the well-known gap between convex and SOS-convex polynomials [1].
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