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Figure 1: Nonparametric Bézier curves of degrees n = 4, 6 as vertical transitions between two lines L0,L1.

Recently [1], graphs of polynomial functions (albeit in the traditional monomial basis) are proposed as
vertical transition curves for road and railway alignments. Such alignments consist of straight line segments
with different slopes connected by transitions that smoothly change the inclination. For this application, a graph
of height as a function of mileage (i.e., horizontal distance) is certainly more straightforward than a general
parametric curve and hence constitutes the natural choice. We show that these transitions admit considerably
simpler expressions and analysis in nonparametric Bézier form. In particular, geometric continuity at the
endpoints amounts to simply placing the Bézier points on the pair of straight lines L0,L1 to be connected. The
standard Bézier representation, overlooked in [1] and related literature on vertical alignments [2], also allows
direct incorporation into commercial software and data exchange formats.

Since the endpoints of the transition on the lines L0,L1 can be freely chosen, the construction has two
degrees of freedom, managed as follows. First, we center the transition horizontally at the point where the lines
meet and place the central Bézier point there, thereby maximizing smoothness at both connections. Thus, a
quartic or a sextic suffices to achieve G2 (curvature) or G3 continuity, respectively (Fig. 1). This geometry
determines the curve in normalized form, i.e., aside from a dilation. Then we compute the dilation factor to
satisfy an additional design constraint [1]: either a maximum allowable curvature radius or a predefined point to
interpolate. The nonparametric character of the curve, along with its variation-diminishing property, guarantees
that the solution to the interpolation problem is unique.

As an alternative to a single polynomial segment, we explore nonparametric B-spline curves, which achieve
the same continuity with a lower degree. Specifically, a cubic spline with an internal knot (made up of two
segments), or a quartic spline with two internal knots (three segments), furnishes G2 or G3 smoothness, re-
spectively. Now, the transition interval must be located so that the inner de Boor point coincides with the
intersection of L0,L1.
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