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Can a function be recovered solely from samples of its approximation error?

Let Ay, denote an approximation operator at scale &, and define the approximation error e := f — Ay f.

In classical approximation theory, €y plays a diagnostic role: it quantifies fidelity and convergence when complex
functions are replaced by simpler models such as polynomials, splines, wavelets, or Fourier expansions. This work
advances a complementary perspective. Under structured approximation schemes, the error itself is a highly informative
signal. Focusing on piecewise-constant and spline-based approximations, we show that the approximation error encodes
local geometric information—such as variation and knot structure—and, under mild assumptions, uniquely determines
the underlying function (up to trivial ambiguities). We investigate fundamental questions of identifiability, sampling, and
stability: when the mapping f — € is injective, at what sampling rates recovery is possible, and how robust this recovery
is under finite-precision quantization.

A key observation is that the approximation error typically exhibits a much smaller dynamic range (max-norm) than
the original function, as its amplitude is governed by local variation rather than global magnitude. As a consequence,
digitizing ¢ allows a finer digital resolution under fixed bit-budget constraints while avoiding the signal clipping or
saturation problem. This error-centric viewpoint leads to new inverse problems recoverable “from error alone” and
reframes approximation error as an active carrier of information rather than a passive measure of loss. In engineering
context, it enables a new digital sensing strategy that overcomes range-resolution trade-off in conventional analog-to-digital
converters and samplers.



