
G2 Pythagorean Hodograph Curves

Stephen Mann
University of Waterloo
smann@uwaterloo.ca

Pythagorean-hodograph curves [1] are a type of parametric, planar polynomial curve whose “parametric
speed” is a polynomial. In this talk, I rederive the cubic G1 Hermite interpolatory Pythagorean Hodograph
curve construction of Meek and Walton [3]. I then use the new approach to rederive the quartic Pythagorean
Hodograph curve construction of Wang and Fang [4], and show how to use this curve to getG2 continuity between
adjacent quartic segments. Finally, I derive a quintic G2 Hermite interpolatory Pythagorean Hodograph curve
construction.

The quartic method constructs a curve that interpolates a piecewise quartic Pythagorean-Hodograph curve
that interpolates positions and tangent directions at a sequence of points, where the pieces meet with G2

continuty. The method requires finding the roots of a univariate, quartic polynomial. Figure 1 (a) gives an
example of three segments that interpolates the positions and tangents at four locations.

The quintic construction is based on one set of the geometric constraints of Hormann [2], and requires
solving a system of non-linear equations. Figure 1(b) shows a non-PH quintic and (b) shows a PH quintic that
interpolates the positions, tangents, and cuvatures of the curve in (b). In both (b) and (c), one of the geometric
conditions is that points q3 and q3a (constructed via similar triangles) must be equal.
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Figure 1: (a) Three quartic segments that meet with G2 continuity; the blue line segments are the curve normal
scaled by the curvature of the curve at that point. (b) A non-PH quintic curve; (c) A PH quintic curve.


