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Similarly to the well-known t-design point configurations on manifolds, t-design curves have the special
property that path integrals along them integrate polynomials of total degree t exactly. Classical point-based
t-design theory has been an ongoing topic of research, resulting in a wide variety of publications covering a
multitude of manifolds, including the 3-dimensional rotation group

SO(3) := {R ∈ R3×3 : det(R) = 1, R−1 = RT}

[7], general compact Riemannian manifolds [6, 2] and the d-sphere Sd := {x ∈ Rd+1 : ∥x∥ = 1}, for which there
exist t-design point configurations Xt ⊂ Sd such that |Xt| ≍ td [1].

In the setting of t-design curves γt of length ℓ(γt), it was recently discovered that ℓ(γt) ≥ Cdt
d−1 holds for

some Cd on general compact d-dimensional Riemannian manifolds [4] and for Cd =
√
d+2
2d! on Sd if t ≥ d ≥ 2 [3].

While many t-design point configurations with an asymptotic number of points are known, only a few t-design
curves of asymptotic length ℓ(γt) have been discovered. Notable results on such t-design curves have been
developed on the sphere S2 with ℓ(γt) ≍ t [4] as well as explicitly constructed t-design curves [5], the sphere S3
with ℓ(γt) ≍ t2 [9] and the d-dimensional torus T (d) := Rd/Zd with ℓ(γt) ≍ td−1 [9].

Based on these recent results on spherical t-design curves, we explicitly construct t-design curves of asymp-
totic length for the 3-dimensional rotation group SO(3) and the Grassmannian manifold consisting of orthogonal
projectors on R4 of rank 2,

Gr2,4 := {P ∈ R4×4 : P T = P, P 2 = P, rank(P ) = 2}.

These constructions rely on spherical parameterizations, namely SO(3) parameterized as S3/±1 and Gr2,4 as
(S2 × S2)/±1 [8, 9].
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References

[1] Andriy Bondarenko, Danylo Radchenko, and Maryna Viazovska. “Optimal asymptotic bounds for spherical
designs”. In: Annals of mathematics (2013), pp. 443–452.
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[4] Martin Ehler and Karlheinz Gröchenig. “t-design curves and mobile sampling on the sphere”. In: Forum
of Mathematics, Sigma. Vol. 11. Cambridge University Press. 2023, e105.
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