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One of the most popular approaches for optimization problems in the space of measures such as
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are so-called Particle Gradient Flows (PGFs). For this, one restricts to linear combinations of Dirac
deltas and then takes a Euclidean gradient flow in the weights and positions, significantly simplifying com-
putations. Recent results [1, 2] have shown that PGFs perform exceptionally well, both theoretically and
numerically, can recover Wasserstein gradient flow dynamics, and can even converge to global minima under
sufficient conditions. This has allowed for the address of inverse problems in the space of measures and, notably,
to efficiently train infinitely wide shallow neural networks.

In this talk, I will show how to generalize PGF's to optimization problems on arbitrary Banach spaces M
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with K : M — Y a linear operator mapping to a Hilbert space Y, F a general convex fidelity term and R a
convex, 1-homogeneous regularizer. Such problems are widely used in applications to (static and dynamic)
inverse problems, theoretical machine learning models, imaging, optimal design and optimal control.

We call our approach Atomic Gradient Flows, for which the crucial idea is to choose the extremal points
B of the unit ball of the regularizer R as the particles to perform a gradient flow on, based on the
observation that the Dirac deltas constituting the sparse solutions of (1) should be replaced by the atoms
enforcing sparsity in (2). Therefore, I will consider the restriction of F to linear combinations of elements in

the set B, that is,
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and show that the functional in (3) I'-converges to the original in (2) for the number of particles n — oco.
Then, using Choquet’s theorem (as in [3]), I will present how the problem (3) is equivalent to the lifted problem
(4) in the Wasserstein space P2(R x B)

inf F / AKud c,u>—|—/ A dule,u). 4
HEP2(RXB) (RXB ule ) Rx B ulew) @

Next, I will study convexity, existence and uniqueness of the problems (3) and (4) under suitable assump-
tions. In addition, for the metric space R x B, I will present how to obtain existence and uniqueness properties
of the metric gradient flow in both the lifted and non-lifted setting.

After that, using the theory of Semi-Discrete Optimal Transport, I will show that the lifting of the atomic
gradient flow is itself a metric gradient flow in P2(R x B).

And lastly,I will discuss applications such as R being the Benamou-Brenier functional, or the BV-seminorm.

Joint work with: Marcello Carioni, Konstantinos Zemas.
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