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The geometric modeling of closed developable surfaces, such as ribbons and bands, poses a fundamental
challenge in computational design due to the coupled constraints of closure and vanishing Gaussian curvature.
Additional topological requirements, including non-orientability, increase the complexity of the problem. Con-
ventional approaches typically rely on non-linear optimization, which is computationally intensive and often
yields only approximately developable surfaces.

We introduce an analytical framework for generating a class of C''-continuous, piecewise circular space
curves, termed ortho-arc curves. These curves serve as directrices for constructing one-parameter families of
exact developable surfaces. Unlike the common use of piecewise circular curves within iterative interpolation
schemes, we treat circular arcs as fundamental geometric primitives in a generative setting. Specifically, ortho-
arc curves are formed by concatenating circular arcs that are orthogonal to the circumsphere of an underlying
polyhedral shape precursor. Such circles, orthogonal to a given surface, have been termed ortho-circles by
Schrott and Odehnal [1].

The resulting developable surfaces decompose into planar, cylindrical, and conical patches and are therefore
exactly representable within standard CAD/NURBS frameworks by construction. The closure constraint is
governed by the total torsion of the ortho-arc directrix. To resolve the closure condition, we utilize a duality
principle identifying the total torsion of an ortho-arc curve with the perimeter of an associated spherical polygon,
building on the work of McRae [2] for smooth curves and space polygons.

By parametrically deforming the polyhedral precursor, we systematically tune the geometry of the resulting
ortho-arc curves, enabling both symmetry-preserving and symmetry-breaking transformations. The proposed
framework complements existing optimization-based methods, and we demonstrate a robust design space for
exploring developable surfaces with complex topologies, such as knotted, linked, and non-orientable structures.

An octahedron (vertices in black and faces in green) gives rise to an ortho-arc curve (gold). The ortho-arc curve
serves as the directrix of a one parameter family of 3w-twisted developable Mo6bius bands, two of which are
shown(pale blue and purple).
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