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In order to address a classification problem for the topological types of real algebraic surfaces with respect to
the Euclidean topology, we define a cycle and torus as a topological space homeomorphic to the unit circle S1

and the product S1 × S1, respectively. We call a cycle in the torus S1 × S1 trivial iff it spans a disc. By a
circle in the unit sphere S3 ⊂ R4, we mean a circle in the Euclidean sense, and thus an irreducible conic with
infinitely many real points. We call an algebraic surface in S3 celestial iff it contains at least two circles through
a general point. We address the following problem:

Determine a set of celestial surfaces such that any celestial surface in S3 is homeomorphic to exactly one
element in this set.

This problem is of interest, for example, in architectural geometry and kinematics [4, 1]. The most challenging
case concerns celestial surfaces that are the pointwise product of two circles in S3, where S3 is identified with
the unit-quaternions [3, 2]. Now suppose that X ⊂ S3 is the pointwise product of general circles. Using [2], we
show that X is the image of a birational regular map f : S1 × S1 → X such that either f(S1 × S1) is a torus
(S4), or there exists an elliptic curve W ⊂ S1 × S1 such that the restriced map f |W is a branched 2:1 covering
and f is a homeomorphism outside W . It is known that the elliptic curve W consists of either two non-trivial
cycles (S1 or S2), one trivial cycle (S3), or two trivial cycles. We conjecture that the latter case does not occur.
Consequently, X would be homeomorphic to one of four celestial surfaces illustrated below, where either two
cycles in W are sent 2:1 to a single cycle in Sing(X) (S1), or each cycle in W is send to an arc in Sing(X) (S2
and S3):

S1 S2 S3 S4

The celestial surface S1 is the union T ∪ T ′ of tori T and T ′ such that T ∩ T ′ is a cycle that is non-trivial
in both T and T ′. The following conjecture addresses an ambient-isotopy version of the above problem: If
a celestial surface in S3 is the union of two tori, then it is, up to homeomorphisms of S3, equivalent to the
celestial surface S1. In particular, this conjecture implies that among the following three pairwise homeomorphic
surfaces, only the middle surface can arise as a celestial surface:

We confirm this conjecture in the case where the celestial surface in S3 is the pointwise product of a great and
a little circle.
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