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We present a parametric multiscale spectral generalized finite element method (MS-GFEM) for elliptic
partial differential equations with coefficients that depend on multiple parameters. This method allows, under
the assumption that the parameters enter in a spatially localized manner, to reduce the high-dimensional (in
parameter space) problem to a set of mutually independent low-dimensional problems.

For the MS-GFEM, on each subdomain a local source problem is solved and an optimal local approximation
space is constructed by solving a generalized eigenvalue problem. These constructions now only depend on
a few parameters due to the parameter localization assumption. However, the price to pay for the lower-
dimensional local problems is that we now have to interpolate/approximate the map from parameters to the
local approximation spaces, a map with a codomain which does not have a linear structure. This can be
formulated as the interpolation on the Grassmann manifold. The interpolated spaces are then used as local
approximation spaces for the MS-GFEM.

We analyze the covergence of the proposed method and show that under suitable conditions on the spectrum
of the MS-GFEM eigenvalue problem, the error of MS-GFEM with interpolated local spaces can be bounded in
terms of the MS-GFEM error and the interpolation error on the Grassmann manifold. The results are illustrated
by numerical tests.
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