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This work focuses on the efficient resolution of the soft-margin Support Vector Machine (SVM) problem introduced
in [2]. SVMs are widely used for classification tasks and admit the following primal-dual formulation:
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where {xi}n
i=1 ⊂ Rp denotes the rows of some matrix X ∈ Rn×p and λ > 0 a regularization parameter.

The solution of SVMs can be obtained either from the primal formulation (left-hand side of (1)), typically using
subgradient-descent methods [6], or from the dual formulation (right-hand side of (1)), which underlies notable
implementations such as LIBSVM [1] and LIBLINEAR [3]. These libraries constitute the backbone of popular
machine learning frameworks, including Scikit-learn [5].

Contributions: For a given primal-dual pair of optimal solutions (w⋆, u⋆), the optimality conditions yield the
following implication: u⋆

i ∈]0, 1[ =⇒ ⟨xi | w⋆⟩ = 1 and the row xi is then said to be a support vector. If we denote
I⋆ ≜ {i ∈ J1, nK, w⋆

i ∈]0, 1[} and AI ≜ {w ∈ Rp | XIw = 1r}, the left-hand side of (1) can be reformulated as:

Proposition 1. Let I ⊆ I⋆, r = rank(XI) and N ∈ Rp×(p−r) be an orthogonal basis of ker(XT
I ).

Then, w⋆ = Nv⋆ + X†
I1r where v⋆ is the unique minimizer of

min
v∈Rp−r
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max(0, δi − ⟨NTxi | v⟩) + λ
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and δi = 1 − ⟨xi | X†
I1r⟩ for all i ∈ J1, nK.

By restricting the search space of the minimizer to affine subspaces, the dimensionality of the optimization problem
is also reduced. In particular, the per-iteration complexity of solving procedures now scales with n and p − r

yielding potentially significant computational gain when r is large.

One question arises: how to identify (a subset of) support vectors ?

The main contribution of this work is to introduce a novel methodology for identifying subsets I of I⋆ in order
to address the aforementioned question. Our approach follows the same rationale as [4].
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