
Structural limitations of M-term approximation

Dennis Elbrächter
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For many commonly studied classes of functions, M -term approximation has been shown to be optimal in
the following sense. Given C ⊆ L2(Ω), Ω ⊂ Rd, and a dictionary D = (φi)i∈N, consider the approximation rate

γ(C,D) := sup

{
γ > 0: ∃π ∈ P :

(
sup
f∈C

inf
h∈SM (D,π)

∥f − h∥L2(Ω)

)
∈ O(M−γ),M → ∞

}
,

where P is the set of univariate polynomials and SM (D, π) := {
∑

i∈I ciφi : I ⊆ {1, . . . , π(M)}, |I| = M, ci ∈ R}.
The quantity γ(C,D) describes the polynomial order of decay (w.r.t. M) of the best uniform approximation error
for C when using M -term linear combinations of elements from D under a polynomial depth search constraint.
Due to this constraint, elements of SM can canonically be represented by bit-strings of length1 Õ(M) and thus

γ(C,D) ≤ γ∗(C), (1)

where γ∗(C) := sup
{
γ > 0: Hε(C) ∈ O(ε−

1
γ ), ε → 0

}
. Here Hε(C) = log(N (ε, C, ∥ · ∥L2(Ω))) is the Kolmogorov

metric entropy, i.e. the logarithm of the covering number, of C. In particular γ∗(C) quantifies the complexity of a
function class C and provides bound on the approximation rate of any method, where the approximators can be
efficiently quantized. For many classically studied function classes, optimal dictionaries, i.e. achieving equality
in (1), have been determined (e.g. Wavelet frames for balls in Besov spaces; for further cases and references see
Table 1 in [1]). Essentially it appears that for compact subsets of functions spaces based on some notion of
smoothness there exists dictionaries achieving optimal rates via M -term approximation.

Given the recent popularity of compositional methods of approximation (i.e. generally some form of neural
network model), we are interested in studying function classes where they provide a provable approximation
theoretic advantage over M -term approximation. A crucial step towards this, is establishing properties of
function classes which prohibit optimal M -term approximation regardless of choice of dictionary, i.e.

sup
D

γ(C,D) ≤ γ∗(C)− c, (2)

for some c > 0. We will present prototypical examples of function classes satisfying2 (2) and which properties can
be leveraged to prove such bounds. Importantly, these function classes will admit strictly better compositional
approximation rates3. The central point will be the existence of structural properties, revolving around notions
of self-similarity, which can be exploited to achieve efficient approximation by compositional methods, but,
fundamentally, not by M -term approximation.
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1We write f ∈ Õ(g), if there exist c ∈ R, k ∈ N, x0 ∈ R such that f(x) ≤ c log(x)kg(x) for x ≥ x0.
2Currently we cannot take the supremum in (2) over arbitrary dictionaries, i.e. countable subset of L2(Ω), but require a condition

prevention excessive colinearity of the dictionary elements. We believe this restriction to be currently necessary for technical reason,
not essential.

3Defined analogously to M-term approximation rates, in particular requiring a constraint akin to polynomial depth search that
ensures efficient quantization (see [1] for specifics).
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