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In this work, we consider one of the most classical problem in statistics, namely, the problem of testing
isotropy, or equivalently, the problem of testing uniformity of directions. Given n i.i.d. observations U1, . . . ,Un

with common directions P on the p-dimensional unit hypersphere Sp−1, we consider the testing problem H0 :
P = Unif(Sp−1) against H1 : P 6= Unif(Sp−1), where Unif(Sp−1) denotes the uniform distribution over Sp−1.
Our focus is on Sobolev tests, introduced in the seminal works of [1, 2] and [3].

Based on U1, . . . ,Un, a Sobolev test rejects the null hypothesis of uniformity H0 for large values of

Sn :=
1

n

n∑
i,j=1

∞∑
k=1

vk〈tk(Ui), tk(Uj)〉,

where u → tk(u) is a mapping from Sp−1 to the space of eigenfunctions associated with the kth non-zero
eigenvalue of the Laplacian, the vk’s are positive weights and 〈f, g〉 :=

∫
Sp−1 f(u)g(u) dµ(u) denotes the inner

product on L2(Sp−1, µ). While these tests are known to allow for omnibus testing of uniformity, their non-
null behavior, consistency rates and high-dimensional behaviour remain largely unexplored. To improve on
this, we thoroughly study the local asymptotic powers of Sobolev tests under the most classical alternatives to
uniformity, namely, under rotationally symmetric alternatives. We show in particular that the consistency rate
of Sobolev tests does not only depend on the coefficients defining these tests but also on the derivatives of the
underlying angular function at zero. High-dimensional results are also proposed.
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