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Background. High-dimensional function approximation is a central challenge in scientific computing, and
functional tensor train (FTT) decompositions offer a practical way to break the curse of dimensionality by
representing f : [~1,1]% — R as a chain of low-dimensional cores. While FTT decompositions are well-
established in practice (see, e.g., [1]), rigorous convergence guarantees for the algorithms that compute them
have remained elusive. We introduce a new, continuous linear algebraic-based FTT algorithm and provide what
is, to our knowledge, the first explicit convergence result for an FTT construction. We conjecture that the
number of pivoting steps required per stage to achieve L? accuracy of ¢ is

r« = O(log(1/e) + dlogd).

Setting. Work on [—1,1]¢ with normalized Lebesgue measure. Let £, be the Bernstein ellipse of radius
Ry > 1. For a quasitensor H : {1,...,s} x [-1,1]? — R whose components are analytic in the first continuous
variable on £g,, fix 1 < R < Ry and define

Mp(H) := sup | Hy.(n, €)
n€dER, E€[-1,1]P~ 1, k

)

where H, r denotes the analytic extension of the k-th component.

Algorithm. Set Fy; = [f], 1o = 1, rp, = rfor 1 <k <d Fork =1,...,d—1: (i) apply r steps of
a quasitensor CUR algorithm with complete-pivoting on Fj to obtain Cy, Sk, Yy such that Fy(zk,...,zq) =
Ch (xk)Sk_lYk(ka, ..., xq); (ii) compute the quasitensor QR factorization Cj = Qkﬁk (orthogonal in L? over
the row variable); (iii) set the k-th FTT core G := Q) and recurse via Fy41 := Q} Fy. Finally set G4 := Fy.

Key lemmas. Let H be as above, with rank-r CUR factorization H ~ CS~'Y, QR factor C = QE, and
projection residual £ = (I — QQ*)H. The following four lemmas drive the analysis. (Conjecture) Local
convergence of CUR. Assuming the exponential envelope p,, < I'n™ on the complete-pivoting residual-growth
factor, setting A :=4T'/(1—1/R), q := 4n/R, we have HH - CS‘lYHmaX < AMg(H)q". For residual complete-
pivoting one may take I' = 1, = 2, so ¢ < 1 whenever R > 41 = 8. (1) Projection residual. Since CS™1Y €
range(Q), the best L? approximation from range(Q) is at least as good, giving [|E||, < ||H — C’S*1Y||2
VSAMR(H) ¢™. (2) Bernstein-bound propagation. Writing [Q*H|; = (gq;, H) and bounding ||g;|[1 < /s |/gjl|2
/s, one obtains Mr(Q*H) < /s Mr(H). (3) Pythagorean error propagation. Each Ej = (I — QrQj)Fy is
orthogonal to range(Q), where Cj, = Qi Ry. So telescoping over stages gives || f — f||2 < ZZ;; ||Ek||§, where

f is the FTT approximation of f.

A

Main result. Let A =log(R/4n) and a = (d — 2)/2. Set
Ty = B\ (1og(AM\/d —1/e) + alog(2a//\))—‘ = O(log(1/¢) + dlogd).

Then, assuming the conjecture to be true, running the FTT algorithm with r, steps per stage guarantees

=4, ==
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