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Figure 1: Coarse-to-fine frequency marching: local maxima tracked as bandwidth increases.

Accurate alignment of volumetric data requires maximizing a cross-correlation over SO(3)× R3. The most
common approach is to perform exhaustive search, but it quickly becomes prohibitive when sub-degree accuracy
is needed. We present a fast template-matching method for 3D pose recovery that exploits multi-band ball-
harmonics decomposition of the objective function with continuous optimization on SO(3).

Given a reference template f and a noisy observation h supported on the unit ball B3 ⊂ R3, the rotational
objective is the correlation

C(g) = ⟨f, g ◦ h⟩ =
∫
B3

f(x)h(g−1x) dx, g ∈ SO(3).

We expand f and h in a ball-harmonic basis, consisting of separable radial functions and spherical harmonics.
In this representation, rotations act only on the angular indices and the band-limited correlation admits a
Wigner–D expansion

CL(g) =

L∑
ℓ=0

ℓ∑
m=−ℓ

ℓ∑
m′=−ℓ

σℓmm′ Dℓ
mm′(g),

where the coefficients σℓmm′ are obtained by summing products of ball-harmonic coefficients over the radial
index and Dℓ

m,m′(g) are the Wigner–D matrices. Gradient and Hessian of the function CL also admit a Wigner-
D expansion, which makes their usage efficient. The cutoff L acts as a frequency bandwidth and truncation
offers a tradeoff between precision and efficient computation.

Our algorithm is coarse-to-fine in bandwidth L: We first evaluate a low-frequency objective CL0 on a coarse
orientation grid (via an SO(3) FFT) and retain a small set of dominant local maxima as robust initializations.
We then increase the cutoff L progressively and track these candidates by a few Newton steps per level. This
“frequency marching” behaves like a continuation method: low-pass filtering simplifies the correlation landscape
(removing spurious critical points), so Newton refinement is stable at low and intermediate bandwidths, and the
resulting estimates can be sharpened as higher frequencies are introduced, see Figure 1. Under mild geometric
assumptions on the cross-correlation function, we can show that the proposed algorithm converges to a reliable
estimate of the global solution.

When searching for 3D translations, in addition to 3D rotations, we alternate rotation updates with FFT-
based translation correlation, yielding a practical block-coordinate scheme for SO(3)× R3.

We use our algorithm to tackle the challenging problem of obtaining high resolution structures in cryo-ET.
By replacing the standard orientation search in existing pipeline, we manage to get same resolution, which is
Nyquist/Angstrom, while reducing the time by an order of magnitude. This is remarkable as this problem
suffers from very poor SNR and anisotropic imaging artifacts.
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